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THEOREM : The problem. of deferminfng whetbher o Boolean

expression is satisfiable i NP-complete. ( Coor, 19%1)

PROOF :

Fer‘f? recall the fo”m.ui-nj_ about Boolean expressions.

A Boolean expression is an expression composed of variables

parentheses |, gnd the coperatory A {Iogicmi’ AND) , V (lagir.a.i’ CR)
ond. = (ﬂe?mﬁan). The precedence aé these operotors is

5 {fni?ﬁeﬁl} , then A  then V. Yariables toxe on values 0
{f&fse) , or 4 (ftrue); so do expre:i’s:‘c:ns. I£ E., and Eﬂ are
Boolean expressions, then +the value of E, A E, is 1 if both

'
E; and E, have volue 1 amd 0 otherwise. The value of

E’JVE-Q if eitbher £, or E-Z boae valye = and 0 cotherwise.
The vealue of 7 E, It R By iR O o SOCEES ety
A Boolean expression is said to be scatisfiable if there exists
some a,ssi?ﬂme*hﬁs of 0’ and 4’5 to the vouriablez thatl
gives the expression the value 1. The saaﬁisﬁabf&?ﬁy\
procblem. is to determine, 9;‘veﬂ a Boelean expression,

whether jt is sotisfiable or mot.

To show that the s-ai:’fﬁ:’ubi&‘f—y_ problem is NP-complete we
need o show that it is in NP and that every language
b jn ppoie po!y_mamiq!!y_ transformable to the raé;s‘f;'aﬁ;&ﬁ’i

probfam.

The easy parkt of the proof is to show thot the salisfiabi-
Qjﬂ:i} problem is n NP. To odetermine if a Boolean exprossion
of Ie"ﬂ?‘éﬁi n s S'm-&isiﬁfocblej hDﬂdEfEfmiﬂfS'!:fCD{”} guess

ngueﬁ for all 1he variablee and then evaluate the expres-



sion. 4o ve.rffy, that it has the value 1. The evaluation
cam be dome in +time proportional to itse Een?tﬁ. b‘}: @ num -
ber gé, pa.r:fﬂg m??crftﬁmsn Thue, the ga,ﬂjgg.-‘c;bfﬁ_i%y_ problem is
in NP,

To show that every language L in NP g Fo!yﬂomia.”#
tronsformable to the saéfsfr‘qb;'ﬁifg problem we consider
o mondetermimnistic Turiﬂﬁ, mochine M o{ po!yvt;me comple -
xh‘} that accepts L}m—.d let W be an input tc M. From
M end W we can censtruct o Boolean exprescion U such
thal w; is satisfiable if and only if M accepts w, The
crux of the proof is in showing that for each M there is
@ poﬁ'y-thﬂ& hounded a,fﬁ_oriﬁﬁmf to comstruct the Boolean
ex pression W, from w. The Pofynomioj depends on the wmachi-
we M.

We can agssume (without Loss of gemerclity ) that M hae
a 5:’713,?5: tope. Suppose M hao statee 959 -+, 9% and
tape symbo!f Xy 3y Xg geeey Xy . Lot pind) be the Lime comple-
)ci+3 cf' M. (C q,1 : stoced S*Eflﬁﬂ* o final sfatei Mot bhlenk rgmba.’}
We shatl construct o Boolean expression w; thot ?simu-
lactes" a sequence of ID’S entered b;{, M. Eoch a.ssigwrr}'{*ﬂt
of 4 and © 19(}}.-&?:1}% varicbles of w, reprecents af moet
ome seguence fof M, po&sib!y_ not a legal one . The Boolean
expression Wy will toke on the value 1 iff the a.s-.s*.r'?mmerrﬁ
to the variableg represente o sequence of ID% CGFFE-SPOHGU-‘:?‘_
to an a,ccepif'n?_ computoction .

We give mex? the propositional variables in w, with

their imtended ”mer:'r.hiﬂ?,:



1) C<ijityis 4 iff 1th cell on MS input tape contoins ZE;

at time t {4 i pcla) 1gjgm 5 W Gt i M~ P

) >
B S ccdks ic 4 _SEE M. ic in state Di at time ¢ S 1 ¢KER,
0Lt ¢ pin
o) H el o f jLf e tope head is :cn.whiw?_ it cell af bime
e it PO e UMY
We see thal there are O(P‘?{n}) propositional variableg which,
can be representedl by bmary numbers with ::.i"a?u bite for
some constant ¢ depeﬂdiﬂ?_ o P .
Consider en mput w, | W|=n. We con assume that M a.!'wa,aw
uses Excu.ﬁﬂlj_ p(n) time and each D of M IS exmctfy‘ Pn> f-:r'nﬁ
Lie we con always “‘pad" the computation and ID’s to force
this) . Hence every accepting  computation of M on input W
can be represented b}f- a sequence of D% : Q5 Q4 ... Qpeny-
But, asse.rting that Qo , Q4 y--yQpemy IS oM accepf;ﬂ?_ seguence
of ID’S is tantamount <o asse.rt.'ﬂgz
A. Head is Stﬂ.ﬂﬂfﬂ?_ exo_r:ff\a{ one tape cell in each ID
B. Eoch ID Aas exac:éEy_ one tape symbol in each celd .
C . Each 1D Aag exacéﬂ% one state.
D. At most ome tape cell , the ane scanned bg the ﬁ;ea..df
is mad,ified from one D to the mext.
E . Cﬁa.ﬂ?e in S'td.iEf freod pasitia-mJ encl tape cells be,
tween swuccessive cells ie allowed b} M .
F. First 1D is initial.
G. Last ID contans fimal state.
we will construct Boclean expressiony A-G 10 Mirror the

above stalemente. In owur construction we chall maxke use



06, the predicate UCXy Xy yonny Xp ) tho® hae the value 1 when
exmﬂi‘# one aﬁ’, the variables X, X, ..y Xp hag value 1. U con
be expressed a¢ a Boolean expression of the form
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]

The firet foactar in U asserts thot af Cleac? one aé the )Q’:
ig. drae. The rema!wiﬂ% rer-1) [y factors assert that mo two
X;>s are true. Note thot U is of few?j& oCr?).
We mow go—on. 4o our construction ;

i . A = -rlr At Wﬁ\'ﬁ-re ; Af = _UC H <.f)-.t’>) Kotlow oy HI(pfﬂ];-t,))
0Lt L pON)

¥

bk, sEm.p!"g asscerts that at time ¢ Exctc{;fgt one ce bl
is scamned . A asserts thod this happaas* at all the
timee 1, 0&t< pimy)

Note that A HAas *'E’H?z‘.ﬁ, {?(PECM}J.

2. R = E Blf —where + Bey = U € Ceitt) .y Cli,m))
(B;y acserte that ;tA cell contoums exmr:ﬁf;{, one E’a{mbof
at time ¢ . Note thatl B;y hag constantd size (in-
dependent oé, n, since m ,the SLize o!f, the tape alphe
beﬁ'? de pends cmr’y on the T™M M)

Note <+haf B bas ;e_ﬂ?{& 0 Cplem) .
3. S Rl . Ssd i, .  SCRELY
oLt L pin)
C hasg r'e-ﬂ?f,ﬁ, 0 Cpcn) -
< S b= Tr Caldgica. 4 € C(i,&;ﬂ;.s C<1,J‘,t+;>))
l.ml;'f?
* XY (xiff y): it taxee the value 1 jff x andy ace ﬂfjrﬁ%rﬂ%%f



-

D stiades that for all i?d‘,t either thead is Icacn-m'nj\
cell i at time € or the int s#mbm’ is in celd i of
time t+4 iff it was there af time t.

D hag length O (pAcm)), since j ranges over the alphabet
SiZe which is constant.

& E - I Eidild where .
IJJJKF{
Eid'r'f'é. = C<inf'-'t> + HLi4 N o S ek f( C<i;d;g;t+’)-
S KK Ltid>.H C3, E41>) (Wh}?}

E has size O(,pﬁ{n}] Since cf anel Kk rﬂ,ﬂ?e o ver
alphabet and state sizee, which ore constante .

= 6. A £<f}o.>H<1,u>FC{i?d‘ijc:)?Tfi,f]a}
1€ign n¢r {piny

S<1,0> H{1,0> : sitotee that M startfe in star? stade
with. head at Qeéﬁ

W EL i’éir Dy : Fircd an cello rondoin w fﬂ;fia&?;i
1$ign

T

ol B remm'ﬂiﬂ?, cells comntain black sbv"mbuf
n<LLpin) '

m;ﬁq?_ﬂj' - F hae [lemgth 0 (pim).
F. £ - S<C® peay s

The Boolean expression Wy is the product ABCDEFE . Since

ormulag or A-G  have a? wmaet 0 (p3m)) s bale r-
P ; )

- mufm fr_:.rr 'hE fae

0 Cp3tm) s‘ymboff, Since we have been
couﬂtiﬂag pmpogiﬁs‘onmé variablee og .s.‘iﬂ.?.fe ??mboff}whm

in fact tﬁey are represented by Stl"fﬂ?? of length O(fa?h,}}



we must have a bound om [ug] of {3()33{71}!0?71.} %

< £7LP3{TL) y which is « pﬂfyncm;’af guhcﬂaﬂ :}é the EEH?HL

u:r& W, 'Th-ufj ?,r'v‘en W and P, W can be congtructed in

time proportioncld to i€ E’Eﬂ?_t&.

B’g' owr coh?frwcﬁfc-ﬂJ 9."?&:»1 an a,r:cepff‘ﬂ} seqguence of

D)8 awe cam r-L:"wa.ﬁg find an ﬂrs;‘?wmew& of 0’ and 1%

to the proposifional variabley +thot will maxe W, have the

value true . Cohvexﬁ*efy‘ 9£ve:m an agg:‘gﬂmewé ok valueg o
© )

an accepting sequence of ID3. T’huﬂ; Wo i Satisfiable iff

M oaccepts W

these variable? which mowe w Prue e E‘“"e} fibnal

This completes owr proof.

Def. A Boolean expression is soaid 2o pe in conjunclive
e =)

normal form- (cnNE) if it is of the form. E, AE,A..AEg

and eoch E; ; called a clauge io of the form a’iquiiv‘,.vq}%
where each n{c}-g is o literal ( either X or 5> for some
varitable x) . we .M-Lcﬁlfg write x (nstead of Fix.

For exawmple | CX MM AL € XN e R ) Xz is in CNF.
The exPrEE‘S‘}aﬂ i1 Said 4o be in 3~-CNF ijf cach clause

h e exm_cﬁé'y three distinct CGferale.

Cpmﬂa.r:y : The saf:isf:'QbiE;'ﬁy_ problem.  for Boolean expres-
sion® in CNF is MNP-complete.,

Proof.

I1 suffices to show thaf each of the expressione AR,

eiey G 4g either a.fread# in CNF or can be wmanipulaled



\\___,

inta a2 CNF form (by laws of Boolean a,!g_ébr—a)} without
imcreasing  the IEH?EFL 4 the expression b;.ﬁ more thon
a constant factor. .

We cobserve thed U 9 by it def!‘niﬁiaﬂ/ in_cpF. 1t fo llows
thaot ﬂ?B?C are in CNF form.. ond thaft F and G are
trffi.a,t’i_éi;t in CNF Hform since t&.e.bg dre prcdu,cis'oé.ﬁﬂ?ie
lierals.

D ig the product of expressions of the form  (x= )t X
Bug (X ZY) At F XY & Rt 2 :.(X+?%i)-f§1}f-.z‘f}a
This proveg the D can be also converted 4o @ CNF form
at most dwice acg foﬂg, the a::rt'gfﬂaﬂ'.

Fhﬁﬂ-”yw for E, simce size of E‘EFJKf is  comstant | we
can  convert EE}FE 0 CNE  rith :"Eﬂ?ﬁﬁ I’Mﬁ‘EPend.En.:E._qﬁ_
M b} mam'ﬂg_ truéh table andl rEﬁ.of.}'ﬂc?, off derme.
This c-omp.’e-ées? the prao]o aﬁ cDrDHEIJ‘;t.



